We theoretically investigate the evolutions of two-dimensional, third-order, nonlinear photon echo rephasing spectra with population time by using an exact numerical path integral method. It is shown that for the same system, the coherence time and relaxation time of excitonic states are short, however, if the couplings of electronic and intra-pigment vibrational modes are considered, the coherence time and relaxation time of this vibronic states are greatly extended. It means that the couplings between electronic and vibrational modes play important roles in keeping long-lived coherence in light-harvesting complexes. Particularly, by using the method we can fix the transition path of the energy transfer in bio-molecular systems.
I. INTRODUCTION
The significance of photosynthesis is indisputable because it is the fundamental biological process through which solar energy is converted into biomass [1] , and it provides chemical energy for plants, algae, and bacteria, while heterotrophic organisms rely on these species as their ultimate food source. The initial step in photosynthesis involves the capture of energy from sunlight. It is followed by the excitation energy transfer (EET) to the reaction center, where charge separation is initiated and physical energy is converted into chemical energy. At low light intensities, the quantum efficiency of the transfer of energy is very high, with a near unity quantum yield.
There is a hypothesis that the high efficiency of near unity EET attributes to coherent superposition between excitation states that belongs to different chromophores of some photosynthesis system. It is considered that quantum coherence between the electronic states involved in energy or electron transfer introduces correlations between the wave functions of these states enabling the excitations to move rapidly (by virtue of wave packet collapse) and to sample multiple pathways (due to different coherent superposition states) in space. Thus, the quantum coherence effects may render the process of effective energy and electron transfer [2, 3] .
Indeed, several experimental results show that there is coherence with long enough time in light-harvesting complexes which is inconceivable in inorganic materials at physiological temperature. Fleming et al. [4−6] found that in the Fenna-Matthew-Olson (FMO) complex the coherence between the two excitation states lasts for longer time which is similar to the time scale of the EET, and specially, in a photosynthetic purple bacterium Rb. Sphaeroides, the coherence of the excitations created from laser pulses on adjacent bacteriochlorophyll (Bchls) and bacteriopheophytin (BPhys) can prolong for longer time which is long enough for the coherent transfer of energies between the chromophores Bchls and BPhys [6] . These kinds of experimental results imply that electronic excitations may move coherently through these photosynthesis systems rather than by incoherent hopping motion as it has usually been assumed [7, 8] .
However, how to probe the coherence of these coherent superposition states? Theoretically, one can measures the degree of the coherence through quantifying the off-diagonal elements of the density matrix of the states. And experimentally, the coherence can be detected through measuring oscillations of the photon echo rephasing and non-rephasing signals [9−11] . In Ref. [12] can help us to understand this problem. This kind of experimental results can be verified theoretically by using the simulating method of 2D spectroscopy [13, 14] based on the quantum dissipative dynamics [15−18] . Initially it was conjectured that long-lived oscillations are a manifestation of purely electronic coherence, however, this appeared to require unrealistically low reorganization energies of the vibrational environment or the existence of correlated fluctuations, both of which appear unlikely to be correct. Recent studies suggested that vibrational motion may modulate both diagonal and off-diagonal features of the 2D spectra.
The electronic, vibrational, and electronicvibrational [19−23] coherence has been extensively investigated by using the nonlinear 2D spectroscopy [23−27] . Recently, Chin et al. [28] proposed a mechanism, which shows that the resonant electronicvibrational configuration can sustain, regenerate, or even create coherence between electronic states during the time scale of energy and electron transfer. Lim et al. [12] theoretically verify the experimental long-lasting coherence of an artificial light harvester by using the exciton-vibrational (vibronic) model. These efforts, however, still cannot ascertain: whether the couplings between the electronic and vibrational modes must lead to coherence time expanding? In this work, we design a theoretical scheme to accurately answer this question. We plot the evolutions of the two-dimensional (2D), third-order, nonlinear photon echo spectra of two models for the same system. One of which is the exciton model, while the other is the vibronic model, namely the electronic-vibrational coupling model. It will be shown that the diagonal peaks and the cross-peaks of the 2D, third-order, nonlinear photon echo spectra calculated from the vibronic model can survive longer time than that obtained from the exciton model as other conditions are kept unchanged.
Thus, our investigations support that the long-lived coherence of the light-harvesting complex may origin from the couplings of the electronic-vibrational modes. In this study protocol the decay of the cross-peaks shows the decoherence, and the decay of the diagonal peaks reflects the relaxation of the system. In this investigation, we have not deliberately use the unrealistically low reorganization energies and correlated fluctuations of the environment. The evolution of the 2D, thirdorder, nonlinear photon echo rephasing spectra are calculated at lower temperature 77 K. Lower temperature is also applicable to ambient temperature.
II. MODEL AND 2D, THIRD-ORDER, NONLINEAR PHOTON ECHO SPECTRA
According to Sato's report [29] , if we assign the zeromode of the nuclear vibrations to an intra-pigment vibration and exempt it from reorganization dynamics, and assign the rest modes to the continuum of the protein bath. The vibronic model can be written as
Here, H ve S describes the intrinsic dynamics of an exciton coupled to the vibrational modes and S is system. H B is the bath Hamiltonian, and the H ve SB describes the coupling between a pigment and its bath and SB is system-bath. m=1,2 indexes the exciton two modes and α, β, α ′ , β ′ index the vibrational modes coupled to the electronic modes. ϵ m is the exciton site energy, and J 12 describes the coupling between exciton states. ω ξ is the frequency of the ξ-th bath mode; C † ξ,m and C ξ,m are creation and annihilation operators of the ξ-th mode of bath coupled to the m-th mode of the system; and g ξ,m is the coupling strength between the degree of freedom m of system and the bath mode ξ. (FC) α,β is the Franck-Condon factor [30] , which have been obtained in Ref. [29] , as:
This is the vibronic model when ω 0 ̸ =0, and Huang-Rhys factor R̸ =0, while it is the exciton model when ω 0 =0, and R=0. Thus, the Hamiltonian H ve S for the exciton model can be written as
and the Hamiltonian H ve S for the vibronic model truncated at α or β=1 can be described in Table I .
It is known that all information about the interaction of the system with bath is contained in the spectral density function which is defined as
By fixing the environmental spectrum J m (ω), described with some math functions or discrete data, we can investigate not only the dynamics but also the 2D, thirdorder, nonlinear photon echo spectroscopy by using some quantum dissipative dynamical methods. In this work, we are interested in the evolution features of the 2D, third-order, nonlinear photon echo spectra for the exciton and vibronic models in principle, so we simply choose the single excitation dipole operator. For the exciton model, it iŝ And for the vibronic model, it is (12) Simply, but without loss of generality, here we set µ 12 =µ 21 =1, and use the Debye spectral density function
Similarly to Ref. [29] , here we set the parameters with more practical values, namely, λ=35 cm
, and the Huang-Rhys factor S=0.025. And throughout the paper we set the Planck constant h=1.
III. RESPONSE FUNCTIONS AND 2D SPECTROSCOPY
In the 2D, third-order photon-echo experiments, three laser pulses with wave-vector k 1 , k 2 , k 3 are projected to the sample, and the third-order nonlinear response signals are detected along the phase-matched direction k s , see Fig.S1 (a) and (b) in supplementary materials. In the impulsive limit, the rephasing and nonrephasing spectra are calculated as the real part of the following double Fourier-Laplace transforms of R r (t 3 , t 2 , t 1 ) and R nr (t 3 , t 2 , t 1 ) with respect to t 1 and t 3 as Ref. [31−35] I r,nr (ω 3 , t 2 , ω 1 ) =Re
Here, R r (t 3 , t 2 , t 1 ) and R nr (t 3 , t 2 , t 1 ) are the rephasing (k s =−k 1 +k 2 +k 3 ) and nonrephasing (k s =k 1 −k 2 +k 3 ) signals, and they can be calculated through
Here, G(t) is the retarded propagator of the total system in Liouville space, µ
, and we suppose the total system in equilibrium state, initially, represented with ρ eq tot (0) 
in the calculations of response functions. Therefore, all schemes to calculate the reduced density matrix can be used to calculate the response functions. In the following, at first, we plot the 2D, third-order, nonlinear photon echo spectra, at fixed population time, for the exciton and vibronic models. The results are plotted in Fig.1 .
In the culculations of data for plotting Fig.1 we choose the environmental temperature T =77 K. The calculations are performed with an exact numerical dynamics approach-the quasi-adiabatic propagator path integral (QUAPI) method developed by Makris group [36−40] . The theoretical framework for simulating the 2D, third-order, nonlinear photon echo spectra with the QUAPI method may refer to Refs. [41−44] . In this work, we are interested in the evolutions of the 2D, thirdorder, nonlinear photon echo rephasing spectra with the population time t 2 . The figures in Fig.1 are obtained from exciton (I) and vibronic (II) models. In Fig.2 we plot the evolutions of the amplitude of crosspeak marked with arrow line (a) in Fig.1(I in Fig.1(I) for the exciton model. The evolutions of cross-peaks marked by (a), (b), (c) in Fig.1(II) for the vibronic model have been plotted in Fig.3 (a) , (b), (c), and the evolutions of diagonal peaks marked by (d) in Fig.1(II) have been plotted in Fig.3(d) . We obtain the following results: (i) for not only the exciton but also the vibronic models, the amplitudes of the cross peaks of the 2D, third-order, nonlinear photon echo rephasing spectra are oscillating with population time t 2 ; (ii) in our choice parameters, the oscillations of the diagonal peaks of the 2D spectrum are not clear in the exciton model, however, they are clearly shown in the vibronic model; (iii) the most important is that the oscillating times of both the diagonal and cross peaks of the 2D spectra obtained from the vibronic model are much longer than that from the exciton model. Fig.1 (I) .
IV. DISCUSSION AND CONCLUSION
We theoretically discuss the numerical results. The eigenvalues of H ve S for the exciton model, see Eq.(6), are approximatively equal to E 1 =−42.78 cm −1 , and E 2 =233.78 cm −1 , from which we can obtain the frequency ω=(E 1 −E 2 )/ ≈1737 cm −1 (here =1/2π), and from Fig.2 we can read out the oscillating period τ ≈120 fs, then ω ′ =2π/τ ≈1745 cm −1 . It shows that they are in good agreement with each other. From Table I we can obtain the eigenvalues of the vibronic model, they are E 1 =−39.25 cm
.00 cm −1 , and E 6 =150.00 cm −1 . Similarly, from Fig.3 we see that the oscillation frequency is about 513 cm −1 , and it corresponds to the transitions |e 0 ⟩⟨g 2 |, see Table S2 , Fig.S1 (g) in supplementary materials.
We also analyse the process according to the Feynman diagrams shown in Fig.4 , other two kinds of cases are shown in Fig.S1 (c) and (e) in supplementary materials. The 2D, third-order, nonlinear photon echo rephasing spectra are the result of Fourier transform with time t 1 , and inverse Fourier transform with time t 3 . For the diagonal peaks, the Feynman diagram of one kind of pathways is shown in Fig.4(a) . We set the initial state of the system be |g 0 ⟩⟨g 0 |. At t=0, the first laser pulse with ω β is projected, the system becomes the coherent superposition state, for example |e 1 ⟩⟨g 0 |, and then the system evolves for time t 1 . At t=τ 1 , the second pulse is projected, the system turns into the population state |e 1 ⟩⟨e 1 |, and subsequently relaxes for time t 2 . At t=τ 2 , the third laser pulse, with frequency ω β is projected, and the system again becomes a coherent superposition state |e 1 ⟩⟨g 0 |, and then it evolves for time t 3 . Fig.2(b) and Fig.3(d) are the evolutions of the diagonal peaks for the 2D, third-order, nonlinear photon echo rephasing spectra with time t 2 for the exciton and vibronic models. For the cross peaks, the Feynman diagram of one kind of pathways is shown in Fig.4(b) , other two kinds of cases are shown in Fig.S1 (d) and (f) in supplementary materials. The initial state of the system is still set as |g 0 ⟩⟨g 0 |. At t=0, the first laser pulse with ω α is projected, the system becomes the coherent superposition state, for example |e 0 ⟩⟨g 0 |, and then it evolves till t=τ 1 , the second pulse is projected, the system turns into the state |e 0 ⟩⟨e 1 |, or |e 0 ⟩⟨e 2 | till t=τ 2 , and then at the third laser pulse, frequency ω α is projected. Subsequently, the system again becomes coherent superposition state, |e 0 ⟩⟨g 0 |, and evolves for time t 3 . Fig.2(a) , and Fig.3(a), (b) , (c) are the evolutions of the crosspeaks of the 2D, third-order, nonlinear photon echo rephasing spectra with time t 2 for the exciton and vibronic models. From Fig.2(a) we see that the oscillation frequency is about 1745 cm −1 , it just corresponds to the transition between state |g⟩ and |e⟩. From Fig.3 we see that the oscillation frequency finally becomes at about 513 cm −1 , it means that the main transitions are |e 2 ⟩ ↔|g 2 ⟩ (509 cm −1 ), see Table S2 in supplementary materials. Similarly, for any practical system we can read out the main pathways of energy transfer by using the evolutions of the 2D, third-order, nonlinear photon echo spectra. In above investigations we set the vibrational transition ω 0 =191 cm −1 , which is not quite high compared to the thermal vibration at temperature 77 and DOI:10.1063/1674-0068/30/cjcp1609188 c ⃝2017 Chinese Physical Society 300 K, but it is large enough compared to the thermal vibration at 30 K in Fig.S2 in supplementary materials. If we select the vibrational transition ω 0 =300 cm −1 , as Ref. [45] , the cnculsions obtained are all still held.
In summary, in this work, we have theoretically investigated the role of the couplings of the vibrationalelectronic modes. We use the comparative data of the evolutions of 2D, third-order, nonlinear photon echo rephasing spectra, calculated from the exciton and vibronic models. We carefully analyze the single excitation exciton and vibronic models at temperature 77 K. In supplementary materials, we give the results of 300 and 30 K. It is shown that the coherence exists indeed at ambient temperature, and the conclusions obtained at 77 K are kept at ambient temperature, but the coherent time becomes shorter at 300 K than at 77 K. We clearly show that when the vibrational modes coupled to the electronic modes, the electronic coherence time becomes considerable long compared to the cases without couplings. This result is in agreement with the corresponding experiments and supports the theory about long-lived coherence for some light-harvesting systems [46−48] . However, other mechanisms of the long-lived coherence [6, 49, 50] , such as correlated fluctuations of the environment, are not ruled out yet. We suggest that it may be coexistence of a variety of mechanisms for long-lived coherence in light-harvesting complexes. Tables S1 and S2 show the eigenvalues, and transition scheme and frequencies for the vibronic model. Table S3 shows the oscillation periods of the evolution of the 2D, third-order, non-linear photon echo spectra for the vibronic model. Figure S1 shows the laser excitation pulses, non-colinear geometrical configuration, two kinds of Feynman diagrams for diagonal peaks and and cross-peaks, the energy levels, and their transition diagrams for the vibronic model. Figure S2 and S3 show the evolution figures of the 2D, third-order, non-linear photon echo rephasing spectra at 30 and 300 K for the exciton and vibronic models.
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